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1. Introduction
Soft set theory, introduced byMolodtsov [1] in 1999, has been considered as an effective mathematical tool for modeling
uncertainties. Recently, the combination of soft sets and other mathematical structures has been studied increasingly. By
connecting soft sets and algebraic structures, Feng et al. [2] presented soft semirings, Jun and Park [3,4] analyzed soft
BCK/BCI-algebras, and Kazancıet al. [5] considered soft BCH-algebras. Due to the fuzzy characters of the parameters, the
situation may be more complex in practical applications of soft sets [6]. Therefore, Maji et al. [7] introduced the fuzzy soft
sets, which are based on a combination of fuzzy sets and soft sets. Furthermore, they [8–10] defined intuitionistic fuzzy
soft sets by combining intuitionistic fuzzy sets with soft sets. Moreover, Yang et al. [11] introduced the notion of interval-
valued fuzzy soft sets, which is based on a combination of interval-valued fuzzy sets and soft sets. As an interval-valued
fuzzy extension of the intuitionistic fuzzy soft set theory or an intuitionistic fuzzy extension of the interval-valued fuzzy
soft set theory, interval-valued intuitionistic fuzzy soft set theory was proposed by Jiang et al. [12]; this is a combination
of interval-valued intuitionistic fuzzy set theory and soft set theory. However, the definitions of necessity and possibility
operations (Definitions 18 and 19) in [12] are not true in general, because they do not preserve the properties of interval-
valued intuitionistic fuzzy soft sets. We redefine the two definitions and re-prove several relevant theorems that appeared
in [12] by using the new definitions.
2. Preliminaries
We review some notions concerning interval-valued intuitionistic fuzzy soft sets. Let U be an initial universe set, E be
the universe set of parameters with respect to U and A ⊆ E unless otherwise specified. IVIF (U) denotes the set of all
interval-valued intuitionistic fuzzy sets of U .
Let D[0, 1] denote the set of all closed subintervals of [0, 1]. An interval-valued fuzzy set [13] A on a universe X is defined
by A = {⟨x, µA(x)⟩|x ∈ X}, where µA : X → D[0, 1]. For every x ∈ X , µA(x) = [µA(x), µA(x)] is called the degree of
membership of an element x in A. µ
A
(x) and µA(x) are referred to as the lower and upper degrees of membership of x in A,
where 0 ≤ µ
A
(x) ≤ µA(x) ≤ 1.
Definition 2.1 ([14]). An interval-valued intuitionistic fuzzy set A over a universe X is an object having the form A =
{⟨x, µA(x), γA(x)⟩|x ∈ X}, where µA : X → D[0, 1] and γA : X → D[0, 1], satisfying the condition µA(x) + γ A(x) ≤ 1
for all x ∈ X . The intervals µA(x) and γA(x) denote the degree of membership and the degree of nonmembership of an
element x in A, respectively.
Definition 2.2 ([15]). Let A and B be two interval-valued intuitionistic fuzzy sets of a universe X; then:
(1) A ⊆ B iff µ
A
(x) ≤ µ
B
(x), µA(x) ≤ µB(x), γ A(x) ≥ γ B(x) and γ A(x) ≥ γ B(x), for all x ∈ X .
(2) A = B iff A ⊆ B and B ⊆ A.
(3) AC = {⟨x, γA(x), µA(x)⟩|x ∈ X}.
(4) A ∪ B = {⟨x, [sup(µ
A
(x), µ
B
(x)), sup(µA(x), µB(x))], [inf(γ A(x), γ B(x)), inf(γ A(x), γ B(x))]⟩|x ∈ X}.
(5) A ∩ B = {⟨x, [inf(µ
A
(x), µ
B
(x)), inf(µA(x), µB(x))], [sup(γ A(x), γ B(x)), sup(γ A(x), γ B(x))]⟩|x ∈ X}.
✩ This paper was evaluated according to the old Aims and Scope of the journal.
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(6) A = {⟨x, µA(x), [γ A(x), 1− µA(x)]⟩|x ∈ X}.
(7) ♦A = {⟨x, [µ
A
(x), 1− γ A(x)], γA(x)⟩|x ∈ X}.
Definition 2.3 ([12]).A pair ⟨F , A⟩ is called an interval-valued intuitionistic fuzzy soft set overU , where F is amapping given
by F : A → IVIF (U).
An interval-valued intuitionistic fuzzy soft set is a parameterized family of interval-valued intuitionistic fuzzy subsets of
U . For any parameter ε ∈ A, F(ε) is referred to as the interval intuitionistic fuzzy value set of parameter ε. It is actually an
interval-valued intuitionistic fuzzy set ofU , written as F(ε) = {⟨x, µF(ε)(x), γF(ε)(x)⟩ | x ∈ U}, whereµF(ε)(x) is the interval-
valued fuzzy membership degree that object x has for parameter ε, and γF(ε)(x) is the interval-valued fuzzy membership
degree that object x does not have for parameter ε.
Definition 2.4 ([12]). Let ⟨F , A⟩ and ⟨G, B⟩ be two interval-valued intuitionistic fuzzy soft sets overU . Then ⟨F , A⟩ is called an
interval-valued intuitionistic fuzzy soft subset of ⟨G, B⟩, denoted by ⟨F , A⟩ b ⟨G, B⟩, if the following conditions are satisfied:
(1) A ⊆ B; (2) for all ε ∈ A, F(ε) is an interval-valued intuitionistic fuzzy subset of G(ε), that is, for all x ∈ U and ε ∈ A,
µ
F(ε)
(x) ≤ µ
G(ε)
(x), µF(ε)(x) ≤ µG(ε)(x), γ F(ε)(x) ≥ γ G(ε)(x) and γ F(ε)(x) ≥ γ G(ε)(x).
Two interval-valued intuitionistic fuzzy soft sets ⟨F , A⟩ and ⟨G, B⟩ overU are said to be interval-valued intuitionistic fuzzy
soft equal, denoted by ⟨F , A⟩ = ⟨G, B⟩, if ⟨F , A⟩ b ⟨G, B⟩ and ⟨G, B⟩ b ⟨F , A⟩.
Let E = {e1, . . . , en} be a set of parameters. The not set of E, denoted by ⌉E, is defined by ⌉E = {⌉e1, . . . , ⌉en}, where
⌉ei = not ei for all i ∈ {1, . . . , n}, which has the opposite meaning to parameter ei.
Definition 2.5 ([12]). The complement of an interval-valued intuitionistic soft set ⟨F , A⟩, denoted by ⟨F , A⟩C , is defined by
⟨F , A⟩C = ⟨F C , ⌉A⟩, where F C :⌉A → IVIF (U) is a mapping given by F C (ε) = {⟨x, γF(⌉ε)(x), µF(⌉ε)(x)⟩|x ∈ U} for all ε ∈⌉A.
Definition 2.6 ([12]). The union of two interval-valued intuitionistic fuzzy soft sets ⟨F , A⟩ and ⟨G, B⟩ over U is the interval-
valued intuitionistic fuzzy soft set ⟨H, C⟩ = ⟨F , A⟩ uniondbl ⟨G, B⟩, where C = A ∪ B, and for all ε ∈ C ,
H(ε) =

{⟨x, µF(ε)(x), γF(ε)(x)⟩|x ∈ U} if ε ∈ A− B,
{⟨x, µG(ε)(x), γG(ε)(x)⟩|x ∈ U} if ε ∈ B− A,
{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
Definition 2.7 ([12]). The intersection of two interval-valued intuitionistic fuzzy soft sets ⟨F , A⟩ and ⟨G, B⟩ over U is the
interval-valued intuitionistic fuzzy soft set ⟨H, C⟩ = ⟨F , A⟩ e ⟨G, B⟩, where C = A ∪ B, and for all ε ∈ C ,
H(ε) =

{⟨x, µF(ε)(x), γF(ε)(x)⟩|x ∈ U} if ε ∈ A− B,
{⟨x, µG(ε)(x), γG(ε)(x)⟩|x ∈ U} if ε ∈ B− A,
{⟨x, [inf(µ
F(ε)
(x), µ
G(ε)
(x)), inf(µF(ε)(x), µG(ε)(x))],
[sup(γ
F(ε)
(x), γ
G(ε)
(x)), sup(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
Definition 2.8 ([12]). Let ⟨F , A⟩ and ⟨G, B⟩be two interval-valued intuitionistic fuzzy soft sets overU; then ‘‘⟨F , A⟩or⟨G, B⟩’’ is
an interval-valued intuitionistic fuzzy soft set ⟨H, A×B⟩ = ⟨F , A⟩∨⟨G, B⟩, whereH(α, β) = F(α)∪G(β) for all (α, β) ∈ A×B,
that is, H(α, β) = {⟨x, [sup(µ
F(α)
(x), µ
G(β)
(x)), sup(µF(α)(x), µG(β)(x))], [inf(γ F(α)(x), γ G(β)(x)), inf(γ F(α)(x), γ G(β)(x))]⟩|
x ∈ U} for all (α, β) ∈ A× B.
Definition 2.9 ([12]). Let ⟨F , A⟩ and ⟨G, B⟩ be two interval-valued intuitionistic fuzzy soft sets over U; then ‘‘⟨F , A⟩ and
⟨G, B⟩’’ is an interval-valued intuitionistic fuzzy soft set ⟨H, A × B⟩ = ⟨F , A⟩ ∧ ⟨G, B⟩, where H(α, β) = F(α) ∩ G(β)
for all (α, β) ∈ A × B, that is, H(α, β) = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))], [sup(γ F(α)(x), γ G(β)(x)),
sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U} for all (α, β) ∈ A× B.
3. The main results
In this section, we point out that the definitions of the necessity operation and the possibility operation on an interval-
valued intuitionistic fuzzy soft set in [12] are not appropriate, and recast the twodefinitions. Thenwe re-prove some relevant
theorems from [12] by using the new definitions.
Definition 3.1 ([12] Definition 18). The necessity operation on an interval-valued intuitionistic fuzzy soft set ⟨F , A⟩ is
denoted by ⟨F , A⟩ and is defined as ⟨F , A⟩ = {⟨x, µF(ε)(x), γF(ε)(x)⟩|x ∈ U and ε ∈ A}, where µF(ε)(x) =
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[µ
F(ε)
(x), µF(ε)(x)] is the interval-valued fuzzy membership degree that object x has for parameter ε, and γF(ε)(x) =
[1− µF(ε)(x), 1− µF(ε)(x)] is the interval-valued fuzzy membership degree that object x does not have for parameter ε.
Remark 3.2. From Definition 2.1, we know that an interval-valued intuitionistic fuzzy set M = {⟨x, µM(x), γM(x)⟩|x ∈ X}
of a universe X must satisfy the condition µM(x) + γM(x) ≤ 1 for all x ∈ X . However, according to Definition 3.1,
µF(ε)(x) + 1 − µF(ε)(x) = 1 for all x ∈ U and ε ∈ A, when µF(ε)(x) = µF(ε)(x); and µF(ε)(x) + 1 − µF(ε)(x) ≰ 1 for
all x ∈ U and ε ∈ A, whenµ
F(ε)
(x) < µF(ε)(x). That is, F(ε) is not an interval-valued intuitionistic fuzzy set for all ε ∈ A in
general. Therefore, ⟨F , A⟩ is not an interval-valued intuitionistic fuzzy soft set in general.
The following example shows that the necessity operation does not preserve the properties of interval-valued
intuitionistic fuzzy soft sets.
Example 3.3. Let ⟨F , A⟩ be the interval-valued intuitionistic fuzzy soft set described in example 1 [12], which describes
the ‘‘attractiveness of the houses’’ to the decision maker, where U is a set of six houses under consideration by a decision
maker for purchase, which is denoted by U = {h1, h2, . . . , h6}, A is a parameter set, i.e., A = {e1, e2, e3, e4, e5} =
{expensive, beautiful, wooden, in good repair, in green surroundings}, and
F(e1) = {⟨h1, [0.6, 0.8], [0.1, 0.2]⟩, ⟨h2, [0.8, 0.9], [0.05, 0.1]⟩, ⟨h3, [0.6, 0.7], [0.2, 0.25]⟩,
⟨h4, [0.65, 0.78], [0.15, 0.21]⟩, ⟨h5, [0.56, 0.68], [0.2, 0.3]⟩, ⟨h6, [0.68, 0.82], [0.11, 0.18]⟩};
F(e2) = {⟨h1, [0.7, 0.8], [0.15, 0.2]⟩, ⟨h2, [0.6, 0.7], [0.15, 0.21]⟩, ⟨h3, [0.5, 0.7], [0.2, 0.3]⟩,
⟨h4, [0.7, 0.75], [0.15, 0.25]⟩, ⟨h5, [0.6, 0.7], [0.25, 0.3]⟩, ⟨h6, [0.75, 0.85], [0.1, 0.15]⟩};
F(e3) = {⟨h1, [0.75, 0.85], [0.1, 0.15]⟩, ⟨h2, [0.5, 0.6], [0.2, 0.35]⟩, ⟨h3, [0.6, 0.8], [0.1, 0.18]⟩,
⟨h4, [0.68, 0.75], [0.1, 0.2]⟩, ⟨h5, [0.7, 0.8], [0.1, 0.2]⟩, ⟨h6, [0.7, 0.85], [0.1, 0.13]⟩};
F(e4) = {⟨h1, [0.8, 0.9], [0.01, 0.1]⟩, ⟨h2, [0.65, 0.75], [0.2, 0.25]⟩, ⟨h3, [0.66, 0.77], [0.2, 0.22]⟩,
⟨h4, [0.69, 0.78], [0.1, 0.2]⟩, ⟨h5, [0.72, 0.82], [0.1, 0.15]⟩, ⟨h6, [0.7, 0.8], [0.1, 0.19]⟩};
F(e5) = {⟨h1, [0.77, 0.88], [0.05, 0.1]⟩, ⟨h2, [0.6, 0.7], [0.2, 0.28]⟩, ⟨h3, [0.6, 0.73], [0.2, 0.25]⟩,
⟨h4, [0.63, 0.76], [0.15, 0.2]⟩, ⟨h5, [0.7, 0.83], [0.1, 0.17]⟩, ⟨h6, [0.7, 0.85], [0.1, 0.13]⟩}.
According to Definition 3.1, ⟨F , A⟩ is given as follows:
F(e1) = {⟨h1, [0.6, 0.8], [0.2, 0.4]⟩, ⟨h2, [0.8, 0.9], [0.1, 0.2]⟩, ⟨h3, [0.6, 0.7], [0.3, 0.4]⟩,
⟨h4, [0.65, 0.78], [0.22, 0.35]⟩, ⟨h5, [0.56, 0.68], [0.32, 0.44]⟩, ⟨h6, [0.68, 0.82], [0.18, 0.32]⟩};
F(e2) = {⟨h1, [0.7, 0.8], [0.2, 0.3]⟩, ⟨h2, [0.6, 0.7], [0.3, 0.4]⟩, ⟨h3, [0.5, 0.7], [0.3, 0.5]⟩,
⟨h4, [0.7, 0.75], [0.25, 0.3]⟩, ⟨h5, [0.6, 0.7], [0.3, 0.4]⟩, ⟨h6, [0.75, 0.85], [0.15, 0.25]⟩};
F(e3) = {⟨h1, [0.75, 0.85], [0.15, 0.25]⟩, ⟨h2, [0.5, 0.6], [0.4, 0.5]⟩, ⟨h3, [0.6, 0.8], [0.2, 0.4]⟩,
⟨h4, [0.68, 0.75], [0.25, 0.32]⟩, ⟨h5, [0.7, 0.8], [0.2, 0.3]⟩, ⟨h6, [0.7, 0.85], [0.15, 0.3]⟩};
F(e4) = {⟨h1, [0.8, 0.9], [0.1, 0.2]⟩, ⟨h2, [0.65, 0.75], [0.25, 0.35]⟩, ⟨h3, [0.66, 0.77], [0.23, 0.34]⟩,
⟨h4, [0.69, 0.78], [0.22, 0.31]⟩, ⟨h5, [0.72, 0.82], [0.18, 0.28]⟩, ⟨h6, [0.7, 0.8], [0.2, 0.3]⟩};
F(e5) = {⟨h1, [0.77, 0.88], [0.12, 0.23]⟩, ⟨h2, [0.6, 0.7], [0.3, 0.4]⟩, ⟨h3, [0.6, 0.73], [0.27, 0.4]⟩,
⟨h4, [0.63, 0.76], [0.24, 0.37]⟩, ⟨h5, [0.7, 0.83], [0.17, 0.3]⟩, ⟨h6, [0.7, 0.85], [0.15, 0.3]⟩}.
Obviously, F(e1),F(e2),F(e3),F(e4),F(e5) all are not interval-valued intuitionistic fuzzy sets. Therefore, ⟨F , A⟩ is
not an interval-valued intuitionistic fuzzy soft set.
We redefine Definition 3.1 as follows; this is an extension of operation (6) in Definition 2.2.
Definition 3.1′. The necessity operation on an interval-valued intuitionistic fuzzy soft set ⟨F , A⟩ is denoted by ⟨F , A⟩ and
is defined as ⟨F , A⟩ = {⟨x, µF(ε)(x), γF(ε)(x)⟩|x ∈ U and ε ∈ A}, where µF(ε)(x) = [µF(ε)(x), µF(ε)(x)] is the interval-
valued fuzzy membership degree that object x has for parameter ε, and γF(ε)(x) = [γ F(ε)(x), 1 − µF(ε)(x)] is the interval-
valued fuzzy membership degree that object x does not have for parameter ε.
By Definition 3.1′, we re-prove Theorem 6 of [12].
Theorem 3.4. Let ⟨F , A⟩ and ⟨G, B⟩ be two interval-valued intuitionistic fuzzy soft sets over U; then we have the following
properties:
(1) (⟨F , A⟩ uniondbl ⟨G, B⟩) = ⟨F , A⟩ uniondbl ⟨G, B⟩;
(2) (⟨F , A⟩ e ⟨G, B⟩) = ⟨F , A⟩ e ⟨G, B⟩;
(3) ⟨F , A⟩ = ⟨F , A⟩.
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Proof. We only prove (1); the proofs of (2) and (3) are similar.
By Definition 2.6, we can write ⟨F , A⟩ uniondbl ⟨G, B⟩ = ⟨H, C⟩, where C = A ∪ B and for all ε ∈ C ,
H(ε) =

{⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), µG(ε)(x)], [γ G(ε)(x), γ G(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
Then, (⟨F , A⟩ uniondbl ⟨G, B⟩) = ⟨H, C⟩. According to Definition 3.1′, we have
H(ε) =

{⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), 1− µF(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), µG(ε)(x)], [γ G(ε)(x), 1− µG(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), 1− sup(µF(ε)(x), µG(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
Since ⟨F , A⟩ = {⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), 1 − µF(ε)(x)]⟩|x ∈ U and ε ∈ A} and ⟨G, B⟩ = {⟨x, [µG(ε)(x),
µG(ε)(x)], [γ G(ε)(x), 1− µG(ε)(x)]⟩|x ∈ U and ε ∈ B}, it follows that ⟨F , A⟩ uniondbl ⟨G, B⟩ = ⟨O, C⟩, where C = A ∪ B and
O(ε) =

{⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), 1− µF(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), µG(ε)(x)], [γ G(ε)(x), 1− µG(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(1− µF(ε)(x), 1− µG(ε)(x))]⟩|x ∈ U}
= {⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), 1− sup(µF(ε)(x), µG(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
We can see that ⟨H, C⟩ and ⟨O, C⟩ are the same interval-valued intuitionistic fuzzy soft set. Consequently, (⟨F , A⟩ uniondbl
⟨G, B⟩) = ⟨F , A⟩ uniondbl ⟨G, B⟩. 
Definition 3.5 ([12] Definition 19). The possibility operation on an interval-valued intuitionistic fuzzy soft set ⟨F , A⟩ is
denoted by ♦⟨F , A⟩ and is defined as ♦⟨F , A⟩ = {⟨x, µ♦F(ε)(x), γ♦F(ε)(x)⟩|x ∈ U and ε ∈ A}, where γ♦F(ε)(x) =
[γ
F(ε)
(x), γ F(ε)(x)] is the interval-valued fuzzy membership degree that object x does not have for parameter ε, and
µ♦F(ε)(x) = [1− γ F(ε)(x), 1− γ F(ε)(x)] is the interval-valued fuzzy membership degree that object x has for parameter ε.
Remark 3.6. Like in Remark 3.2, it is clear that ♦⟨F , A⟩ is not an interval-valued intuitionistic fuzzy soft set in general
according to Definition 3.5, since 1− γ
F(ε)
(x)+ γ F(ε)(x) ≰ 1 for all x ∈ U and ε ∈ A, when γ F(ε)(x) < γ F(ε)(x).
We redefine Definition 3.5 as follows; this is an extension of operation (7) in Definition 2.2.
Definition 3.5′. The possibility operation on an interval-valued intuitionistic fuzzy soft set ⟨F , A⟩ is denoted by ♦⟨F , A⟩ and
is defined as ♦⟨F , A⟩ = {⟨x, µ♦F(ε)(x), γ♦F(ε)(x)⟩|x ∈ U and ε ∈ A}, where γ♦F(ε)(x) = [γ F(ε)(x), γ F(ε)(x)] is the interval-
valued fuzzy membership degree that object x does not have for parameter ε, andµ♦F(ε)(x) = [µF(ε)(x), 1− γ F(ε)(x)] is the
interval-valued fuzzy membership degree that object x has for parameter ε.
By Definitions 3.1′ and 3.5′, we re-prove Theorems 7–9 of [12].
Theorem 3.7. Let ⟨F , A⟩ and ⟨G, B⟩ be two interval-valued intuitionistic fuzzy soft sets over U; then we have the following
properties:
(1) ♦(⟨F , A⟩ uniondbl ⟨G, B⟩) = ♦⟨F , A⟩ uniondbl ♦⟨G, B⟩;
(2) ♦(⟨F , A⟩ e ⟨G, B⟩) = ♦⟨F , A⟩ e ♦⟨G, B⟩;
(3) ♦♦⟨F , A⟩ = ♦⟨F , A⟩.
Proof. We only prove (1); the proofs of (2) and (3) are similar.
From Definition 2.6, we have ⟨F , A⟩ uniondbl ⟨G, B⟩ = ⟨H, C⟩, where C = A ∪ B and for all ε ∈ C ,
H(ε) =

{⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), µG(ε)(x)], [γ G(ε)(x), γ G(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
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Thus, ♦⟨F , A⟩ uniondbl ⟨G, B⟩ = ♦⟨H, C⟩. By Definition 3.5′, we have
♦H(ε) =

{⟨x, [µ
F(ε)
(x), 1− γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), 1− γ G(ε)(x)], [γ G(ε)(x), γ G(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), 1− inf(γ F(ε)(x), γ G(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
Since♦⟨F , A⟩ = {⟨x, [µ
F(ε)
(x), 1−γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U and ε ∈ A} and♦⟨G, B⟩ = {⟨x, [µG(ε)(x), 1−γ G(ε)(x)],[γ
G(ε)
(x), γ G(ε)(x)]⟩|x ∈ U and ε ∈ B}, we obtain that ♦⟨F , A⟩ uniondbl ♦⟨G, B⟩ = ⟨O, C⟩, where C = A ∪ B and
O(ε) =

{⟨x, [µ
F(ε)
(x), 1− γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U} if ε ∈ A− B,{⟨x, [µ
G(ε)
(x), 1− γ G(ε)(x)], [γ G(ε)(x), γ G(ε)(x)]⟩|x ∈ U} if ε ∈ B− A,{⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(1− γ F(ε)(x), 1− γ G(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U}
= {⟨x, [sup(µ
F(ε)
(x), µ
G(ε)
(x)), 1− inf(γ F(ε)(x), γ G(ε)(x))],
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))]⟩|x ∈ U} if ε ∈ A ∩ B.
It follows that ♦⟨H, C⟩ and ⟨O, C⟩ are the same interval-valued intuitionistic fuzzy soft set. Therefore, ♦(⟨F , A⟩ uniondbl ⟨G, B⟩) =
♦⟨F , A⟩ uniondbl ♦⟨G, B⟩. 
Theorem 3.8. Let ⟨F , A⟩ be an interval-valued intuitionistic fuzzy soft set over U; then we have the following properties:
(1) ⟨F , A⟩ b ⟨F , A⟩ b ♦⟨F , A⟩;
(2) ♦⟨F , A⟩ = ⟨F , A⟩;
(3) ♦⟨F , A⟩ = ♦⟨F , A⟩.
Proof. Assume that ⟨F , A⟩ = {⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U and ε ∈ A}. From Definitions 3.1′ and 3.5′,
we have ⟨F , A⟩ = {⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), 1 − µF(ε)(x)]⟩|x ∈ U and ε ∈ A}, and ♦⟨F , A⟩ = {⟨x, [µF(ε)(x), 1 −
γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]⟩|x ∈ U and ε ∈ A}.
(1) Since µF(ε)(x) + γ F(ε)(x) ≤ 1 for all x ∈ U and ε ∈ A, we have 1 − µF(ε)(x) ≥ γ F(ε)(x) and 1 − γ F(ε)(x) ≥ µF(ε)(x). So
⟨F , A⟩ b ⟨F , A⟩ b ♦⟨F , A⟩.
(2) We have
♦⟨F , A⟩ = {⟨x, [µ
F(ε)
(x), 1− (1− µF(ε)(x))], [γ F(ε)(x), 1− µF(ε)(x)]⟩|x ∈ U and ε ∈ A}
= {⟨x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), 1− µF(ε)(x)]⟩|x ∈ U and ε ∈ A} = ⟨F , A⟩.
(3) The proof is similar to that of (2). 
Theorem 3.9. Let ⟨F , A⟩ and ⟨G, B⟩ be two interval-valued intuitionistic fuzzy soft sets over U; then we have the following
properties:
(1) (⟨F , A⟩ ∧ ⟨G, B⟩) = ⟨F , A⟩ ∧ ⟨G, B⟩;
(2) (⟨F , A⟩ ∨ ⟨G, B⟩) = ⟨F , A⟩ ∨ ⟨G, B⟩;
(3) ♦(⟨F , A⟩ ∧ ⟨G, B⟩) = ♦⟨F , A⟩ ∧ ♦⟨G, B⟩;
(4) ♦(⟨F , A⟩ ∨ ⟨G, B⟩) = ♦⟨F , A⟩ ∨ ♦⟨G, B⟩.
Proof. (1) From Definition 2.9, we have
⟨F , A⟩ ∧ ⟨G, B⟩ = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}.
Using Definition 3.1′, it follows that
(⟨F , A⟩ ∧ ⟨G, B⟩) = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), 1− inf(µF(α)(x), µG(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}.
Since ⟨F , A⟩ = {⟨x, [µ
F(α)
(x), µF(α)(x)], [γ F(α)(x), 1 − µF(α)(x)]⟩|x ∈ U and α ∈ A} and ⟨G, B⟩ = {⟨x, [µG(β)(x),
µG(β)(x)], [γ G(β)(x), 1− µG(β)(x)]⟩|x ∈ U and β ∈ B}, we have
J. Wang et al. / Computers and Mathematics with Applications 64 (2012) 2954–2960 2959
⟨F , A⟩ ∧ ⟨G, B⟩ = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(1− µF(α)(x), 1− µG(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}
= {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), 1− inf(µF(α)(x), µG(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}
= (⟨F , A⟩ ∧ ⟨G, B⟩).
(2) The proof is similar to that of (1).
(3) By Definition 2.9, we have
⟨F , A⟩ ∧ ⟨G, B⟩ = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}.
According to Definition 3.5′, we obtain
♦(⟨F , A⟩ ∧ ⟨G, B⟩) = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), 1− sup(γ F(α)(x), γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}.
Since ♦⟨F , A⟩ = {⟨x, [µ
F(α)
(x), 1 − γ F(α)(x)], [γ F(α)(x), γ F(α)(x)]⟩|x ∈ U and α ∈ A} and ♦⟨G, B⟩ = {⟨x, [µG(β)(x), 1 −
γ G(β)(x)], [γ G(β)(x), γ G(β)(x)]⟩|x ∈ U and β ∈ B}, we have
♦⟨F , A⟩ ∧ ♦⟨G, B⟩ = {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(1− γ F(α)(x), 1− γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}
= {⟨x, [inf(µ
F(α)
(x), µ
G(β)
(x)), 1− sup(γ F(α)(x), γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]⟩|x ∈ U and (α, β) ∈ A× B}
= ♦(⟨F , A⟩ ∧ ⟨G, B⟩).
(4) The proof is similar to that of (3). 
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